In this paper, we introduce and study the notions of d-small M-projective modules and give a characterization of d-small submodules.
Introduction
Throughout this paper, all rings are associative and all modules -if not specified otherwise-are right and unitary. A submodule K of a module M is said to be direct summand small submodule of M (for short B where A, B are any modules and for each homomorphism f: P → B, there exist a homomorphism h: P → A such that g ∘ h =f . For the previous terminologies see [1] . A submodule N of M is called M-cyclic submodule if it is the image of an element of End(M) [2] .
Every M-projective module is d-small M-projective, but the converse may not be true (see [1] ). Proposition 2.2 Let U and P be modules, the following are equivalent:
a. U is an d-small P-projective module;
b. For every short exact sequence with middle term 0 → K
Hom(I,g) → Hom(U, N) → 0 is short exact; c. For every d-small submodule K of P, every homomorphism h: U → P/K factor through the natural epimorphism π: P → P/K.
Proof. → ⟩ It is enough to show that, Hom(I,g) is an epimorphism. Let f1 ∈ Hom(U, N) and consider the following diagram:
Since g is a d-small epimorphism and U is a d-small P-projective module, there exists a homomorphism h:U → P such that g∘h=f1. → ⟩ Let K be a d-small submodule of P and let h:U → P/K be a homomorphism. Consider the following exact sequence:
where i is the inclusion homomorphism and π is the natural epimorphism. By (b) the factor Hom(I,π):Hom(U, P) → Hom(U, P/K) is an epimorphism. This implies, the existence of a homomorphism f ∈ Hom(U,P) such that h= Hom(I,π)(f) = π∘f. → ⟩ Let g: P → B be a d-small epimorphism and let h:U → B be any homomorphism. Consider the following diagram:
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where : P → P/Ker(g) is the natural epimorphism and h1:B → P/Ker(g) is the usual isomorphism. By (c), there exists a homomorphism τ: U → P such that π∘τ = h1∘h. One can check easily that h1∘g = π. Now, h1∘g∘τ = π∘τ = h1∘h. Thus g∘τ = h since h1 is an isomorphism. and hence
for some a ∈ A. Therefore ∅(x)−h1(a) ∈ h1(Ker(Ψ)). Thus ∅(x)−h1(a) = h(a1), for some a1 ∈ Ker(Ψ). Define f: Q → A by f(x) = a + a1, a ∈ A & a1 ∈ Ker(Ψ). Clearly f is well-defined and homomorphism, so
B be a d-small epimophism and let f:Q → B be any homomorphism. Consider the following diagram: 
Where iα and pα are the injection and projection homomorphism, since Uα is d-small N-projective, for each α ∈ Λ. Therefore there exists a homomorphism hα: Uα → N, such that g∘hα=f∘iα for each α ∈ Λ.
Define h:
Clearly h is well-defined and homomorphism. For a ∈ ⨁U α α ∈ Λ , we have
Hence ⨁U α α ∈ Λ is a d-small N-projective module.
Proposition 3.2 Let P be d-small P-projective module and let ∅: P → N be a d-small epimorphism, then there exists a homomorphism h ∈ End(P) such that h(Ker(∅)) ≤ Ker(∅).
Proof. Let ∅:P → N be a d-small epimorphism, consider the following diagram :
Where Ψ: P/Ker(∅) → N is the usual isomorphism defined by Ψ(m+ker(∅)) = ∅(m) for all m ∈ P and is the natural epimorphism. Since P is d-small P-projective module, there exists a homomorphism h: P → P such that ∅ ∘ h=Ψ∘ . Now, to show that (Ker(∅)) ≤ Ker(∅). Let w ∈ Ker(∅), then ∅ ∘ h (w) = Ψ (w +Ker(∅)) = ∅ (w) = 0, and hence h(w) ∈ Ker(∅). This implies that h(Ker(∅)) ≤ ker(∅).
Proposition 3.3 Let P, N be modules. If N is a d-small P-projective and every Pcyclic submodule of P is N-injective, then P is N-injective and every submodule of N is a d-small P-projective. The converse is true if P is d-hollow module.
Proof. Let N be a d-small P-projective and suppose that every P-cyclic submodule is N-injective. Since P is trivially P-cyclic, then P is N-injective. Let Ψ: P → B be a d-small epimorphism, where N1 is a submodule of N. Consider the following diagram:
Where : N1 → N is the inclusion homomorphism since B is P-cyclic module, thus by our hypothesis B is N-injective module. Therefore, there exists a homomorphism ℓ: N → B such that ℓ ∘ =f, but N is a d-small P-projective module, so there exists a homomorphism h : N → P such that Ψ ∘ h = ℓ. Define g: N1 → P by g = h∘i. Now, Ψ ∘ ℎ ∘ = ℓ ∘ =f. The converse holds if P is d-hollow. Suppose that P is N-injective and every submodule of N is a d-small P-projective. Thus N is a d-small P-projective module. Let B be P-cyclic submodule of P. Consider the following diagram:
Where : N1 → N is the inclusion homomorphism and f:N1 → B is any homomorphism and g:P → B is the required epimorphis in to B, since B is P-cyclic module. Clear that g is a d-small epimorphism, since P is d-hollow. By the assumption, N1 is a d-small P-projective module. Thus, there exists homomorphism h: N1 → P such that g∘h=f, but P is N-injective, so there exists a homomorphism ℓ:N → P such that ℓ ∘ =h. Define Ψ:N → B by Ψ = g ∘ ℓ. Now, Ψ ∘ = g ∘ ℓ ∘ =g ∘ h=f.
Proposition 3.4 Let P be a d-small P-projective module. Then A ≪d P and P/A is isomorphism to direct summand of P if and only if A = 0.
Proof. ⟹⟩ Let : P → P/A be the natural epmorphism, where A ≪d P and P/A is isomorphism to a direct summand N of P. Let f: N → P/A be the isomorphism, consider the following diagram:
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⟹⟩ Let : P → P/A be the natural epmorphism, where A ≪d P and P/A is isomorphism to a direct summand N of P. Let f: N → P/A be the isomorphism, consider the following diagram:
Where and p are he inclusion homomorphism and the projection homomorphism respectively, and I: P/A → P/A is the identity. Since P is a d-small P-projective module, there exists a homomorphism h1: P → P such that π ∘ h1 = f ∘ p. define h2:P/A → P by h2=h1∘ i ∘ f 
